In one of his early papers Claude Berge proved a Helly-type theorem, which replaces the usual \nonempty intersection" condition with a \convex union" condition. Inspired by this we prove a fractional Helly-type result, where we assume that many (d+1)-tuples of a family of convex sets have a starshaped union, and the conclusion is that many of the sets have a common point. We also investigate somewhat related art-gallery problems. In particular, we prove a (p; 3)-theorem for guarding planar art galleries with a bounded number of holes, completing a result of Kalai and Matou sek, who obtained such a result for galleries without holes. On the other hand, we show that if the number of holes is unbounded, then no (p; q)-theorem of this kind holds with p 2q ? 1.
Introduction
In one of his early papers 6] Claude Berge proved a Helly-type result, in which one of the usual \nonempty intersection" conditions is replaced with another, weaker condition (see 9] for a survey of Helly-type results). The theorem is cited in Berge's book 7] in the following form. Here a set X R d is called starshaped if there is a point c 2 X such that the segment x; c] is contained in X for every x 2 X. To see that Breen's theorem implies Berge's result mentioned above, we suppose that the assumptions of Berge's theorem are satis ed for some Supported by Hungarian National Foundation Grants T 032452 and T 037846. C 1 ; : : : ; C m . Then S m i=1 C i is starshaped since it is convex, the union of any m ? 1 or fewer sets among the C i is starshaped because these sets have a common point, and T C i 6 = ; by Breen's theorem.
A fractional Helly-type theorem. Our rst main result in this paper establishes a \fractional" variant of Breen's theorem. In the original fractional Helly theorem, due to Katchalski and Liu 14] , not all (d + 1)-tuples of C intersect, only a positive fraction of them, and the conclusion is that a positive fraction of the sets in C have a point in common. as shown by Kalai 12] . It has been understood recently that the fractional Helly theorem plays a basic role in many results of combinatorial convexity; see, e.g. A (p; q)-theorem. Alon For completeness we brie y review the proof in Section 3.
Art galleries. Next, we consider similar theorems in a related but slightly di erent setting of art galleries. We rst introduce some standard terminology. An (art) gallery is a compact set X R d . A point x 2 X guards (or sees) a point y 2 X if the segment x; y] is fully contained in X. A hole in X is a bounded connected component of the complement R d n X.
We are interested in (p; q) theorems for art galleries of the following kind: If X is an art gallery in which among every p points, some q can be guarded by a single point, then all of X can be guarded by at most C = C(p; q; d) points.
There is a well-known positive result with p = q = d + 1 and C = C( In Section 4 we prove Theorem 1.9 by induction on h, using the h = 0 case from 13] as a basis. The proof for h = 0 in 13] combines a theorem of Eckho on f-vectors of families of sets for which every intersection is contractible or empty, the fractional Helly theorem of Katchalski and Liu, and a topological Helly-type theorem of Moln ar. Our induction step goes by an elementary geometric argument.
On the negative side, Valtr 18] constructed, for every k 1, a simply connected art gallery X in R 3 of Lebesgue measure 1, in which every point sees a set of volume at least 5 9 + for a certain small positive constant , and such that X cannot be guarded by k guards.
Clearly, in such a gallery, among every d 9 5 qe points, some q can be guarded by a single point, and therefore, no (p; q)-theorem holds in dimension d 3 with p 9 5 q, even for simply connected galleries.
In Section 5 we show that (p; q)-theorems do not hold for planar galleries with an unlimited number of holes for p 2q ? 1. In Section 6 we prove a simple positive result, a (p; q) theorem 2 Proof of Theorem 1.4
Here we prove the fractional Helly theorem with starshaped unions. Consider the hypergraph H whose vertices are the sets C 2 C and whose edges are the (d + 1)-tuples fC 1 ; : : : ; C d+1 g of sets from C with S d+1
i=1 C i starshaped. This hypergraph has edge-density , and so by a theorem of Erd} os and Simonovits 10], for every integer t 1 there is a constant c = c(t; ; d) > 0 (independent of n) such that H contains at least bcn t(d+1) c copies of the complete (d+1)-partite (d+1)-uniform hypergraph K d+1 (t) which has t vertices in each color class. We assume t is su ciently large (soon it will be xed at t = d(d + 1)). Proof. If 0 were not in convfb 1 ; : : : ; b k g, then its projection onto convfb 1 ; ; b k g would be closer to each b i which is impossible. Thus 0 lies in the relative interior of the convex hull of some subset of fb 1 ; ; b k g. We may suppose that 0 lies in the relative interior of convfb 1 ; ; b j g with j k. But this yields
This contradicts the minimality of k unless k = j. This proves part (ii 
(p; q)-theorems from fractional Helly theorems: The Alon{
Kleitman method
Here we review the derivation of (p; q)-theorems from fractional Helly-type theorems, focusing on the particular two cases considered in this paper. (The argument can be found in a number of sources by now, but it seems simpler to repeat it brie y than to refer to the sources and point out the necessary modi cations.)
We
:x2F (F ) 1 for all x 2 X. We have (F) = (F) for all F, by the duality of linear programming or a similar argument (see 16] for a discussion in this setting, or 1] for a proof of an equivalent but di erently phrased statement). Now we assume that X is a compact metric space and F is a (possibly in nite) family of compact subsets of X. We can de ne (F) in the same way as above, with the additional condition that the considered functions must be nitely supported (i.e., (F ) 6 = 0 only for nitely many F 2 F). The fractional transversal number (F) can be de ned as the in mum of (X) over all Borel measures on X with (F ) 1 for all F 2 F. 
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Proof of Theorem 1.8 (sketch). Suppose that X is a planar art gallery with h holes such that among every p points, some 3 admit a single guard. For every x 2 X, let V (x) be the set of points of X visible from x, and let V = fV (x) : x 2 Xg. A transversal of V is exactly a set that guards all of X. 4 Proof of Theorem 1.9
Here we prove the fractional Helly theorem for planar art galleries with h holes. As was remarked in the introduction, the case h = 0 of the theorem is proved in 13], and it is also the starting point of our induction argument. We rst observe that if x; y 2 R 2 with x and y belonging to distinct components of the complement of X, then x; y] contains a bridge x 0 ; y 0 ] with x and x 0 from the same component. Now let C be a hole of X, and let S be a horizontal line and T a vertical line that intersect in C. By the above observation, S contains two bridges S 1 ; S 2 connecting C to other components of X c , with S 1 to the left and S 2 to the right of C; see Fig. 1 . Similarly, T contains two bridges T 1 and T 2 , T 1 above C and T 2 below C. If any of these four bridges is disjoint from at least m tripods, then we are nished. So each bridge is avoided by no more than m of the tripods, and then at least (1 ? 4 )m of the tripods meet each of the bridges. The lines S and T split the plane into four sectors. So at least one sector contains the center of at least ( 1 4 ? )m of tripods that meet all of S 1 ; S 2 ; T 1 ; T 2 . Let P be the set of these tripods, and assume that their centers are in the top right sector. A tripod in P is of the form (x; a; b; c), where a; b; c come in clockwise order around x, and the hole C comes between a and b in this order. Thus a; x] intersects S 2 and T 2 , and b; x] intersects S 1 and T 1 .
Let E A A be the set of all pairs (a; b) such that P contains at least (n ? 2 
Assume D 1 contains c 1 and c 2 . The segment c 1 ; c 2 ] contains a bridge of the form x; y], where x is on the boundary of C 1 and y is on the boundary of another connected component of X c . If this component is another hole C 3 , then C 1 and C 3 are connected with the bridge x; y] that avoids the remaining m tripods. Thus the two holes C 1 and C 3 and the bridge x; y] form a new hole with new center c 3 , and the hole C 1 , together with its center c 1 has disappeared. (We note that c 3 may be in a cell di erent from D 1 .) If this component is the unbounded one, then x; y] is a bridge between C 1 and the outer boundary of X that avoids the remaining m tripods. Again, the hole C 1 and its center c 1 have disappeared.
We can continue this bridging process as long as there are two c i in the same cell. We end up with a new art gallery having at most 6 holes but still m = 5 A counterexample to (p; q)-theorems for an unbounded number of holes
We begin by observing that visibility in planar art galleries with an unlimited number of holes can represent essentially any nite set system. That is, given a set system F on n], we can place n points a 1 ; a 2 ; : : : ; a n in a gallery and arrange holes so that the set A F = fa i : i 2 Fg has a common guard i F 2 F. Of course, there are some trivial restrictions that have to be observed: First, if A F has a common guard then A G has a common guard for all G F.
Second, it is impossible to prevent one-point subsets from having a common guard, and it is problematic to do so for two-point subsets. So the next lemma, which partially formalizes this observation, speaks about a system F of sets of size at least 3 and incomparable by inclusion.
Lemma 5.1 Let n 2 be an integer, let " > 0 be a real number, and let F 2 n] be a system of subsets of n], each of size at least 3, such that no two sets in F are comparable by inclusion. Then there exist points a 1 ; : : : ; a n 2 R No point di erent from the a i and the p F is common to more than two lines of L. We 2 In order to refute a (p; q) theorem, we have to work harder, since we must make sure that for every p-tuple of points there are some q with a common guard, not only for p-tuples in a suitably chosen set A. Proposition 5.2 For every q 3 and every m, there exists a planar art gallery X (a closed polygonal set with holes) such that for every set A of p = 2q ? 1 points of X, there is a point of X that can see at least q points of A, and no m points of X together can see all of X (i.e., X cannot be guarded by m guards).
Proof. We choose n = qm + 1 and let F consist of all q-element subsets of n]. Then we apply the construction from Lemma 5.1 with a small " > 0, obtaining points a 1 ; : : : ; a n and sets L 1 ; : : : ; L n of lines as in the lemma.
The construction of the gallery X is indicated in Fig. 2 . The gallery is obtained from a large rectangle by deleting suitable holes. First we remove from X a very thin horizontal rectangle T as indicated in the picture. Then we choose a very small positive > 0, and for every line`i ;F in each L i we make an opening of width near the intersection of`i ;F with T, as indicated in Fig. 3 (so the gallery now has many holes, namely, the remaining pieces of T). For reasons to be soon seen, we need to introduce another auxiliary parameter, a large number K. The construction so far has the following property. For every n and K there exist positive numbers "; ; satisfying the condition below:
Let y be a point in the (K")-neighborhood E 0 of the point (1; ?1), and let G be the set of all indices i 2 n] such that y can see some point in the -neighborhood of a i . Then jGj q. In the last step of the construction, we add a very small hole H i near a i , for each i 2 n], as shown in Fig. 4 . In reality, H i is very small compared to (which is hard to illustrate in a picture). The V-shaped opening on the bottom of H i is such that, in the absence of any other hole, a i can see just the "-neighborhood E of (1; ?1) but no points left or right of it. Then the \visibility cones" of any two points among the a i intersect only in E 0 , the (K")-neighborhood of (1; ?1), for K su ciently large in terms of n. Finally, the top of H i is su ciently at so that all of it is visible from all points of the top side of the gallery. This nishes the description of the construction, and it remains to check that it has the desired properties.
First, the points a 1 ; : : : ; a n require at least n=q > m guards. Indeed, anywhere except for E 0 , no point can see more than one a i , and within E 0 no point can see more than q of the a i by the condition mentioned above.
Next, we consider arbitrary p = 2q ? 1 points in X. We divide them into two groups:
1. those contained in the lower halfplane (below the top side of T) plus those contained in the regions B 1 ; B 2 ; : : : ; B n indicated in Fig. 4 : B i is the part of the -neighborhood of a i below the dotted line (extending the bottom side of H i ) plus the V-shaped opening on the bottom of H i ; and 2. those contained in the upper halfplane (above the top side of T or on it) but not in any of the B i . One of these groups contains at least q points.
Any q points of group 1 can be seen from a single point. Indeed, all of the lower halfplane can be seen from any point of E. There are at most q distinct i such that one of the considered q points is in B i , and by the construction, there is a point in E that can see all of these B i .
All of group 2 (upper halfplane minus the B i ) can also be seen from a single point. For any particular point on the top side of the gallery, the holes H i throw \shadows," which can be made arbitrarily narrow by making the H i su ciently small compared to . So by moving the observation point along the top side of X, we can nd a position where the shadows avoid given q points of group 2. (Theorem 1.7) almost applies: only X 0 is not compact and the guards may lie in X but not in X 0 . But the proof of Krasnosel'ski 's theorem applies with minute and straightforward modi cations. We outline this modi ed proof later, for the reader's convenience and also because Krasnosel'ski 's neat proof deserves it. So X 0 is guarded by a single point. We need guards for the points in T. Since jTj t(d + 1) < p and since jXj p we choose a subset V from X 0 with jTj + jV j = p. By the (p; q) condition, T V contains a subset Q of size q that can be guarded from a single point.
The points in T n Q can guard themselves; this is altogether 1 + 1 + jT n Qj 1 + 1 + j(T V ) n Qj = 2 + p ? q guards for the whole art gallery. This proves Theorem 1.10.
Proof of Krasnosel'ski 's theorem (sketch and modi cations). First we consider the theorem itself, with any d + 1 points in a compact X R d visible from a single point. For x 2 X, let V (x) be the set of points visible from x. Then by Helly's theorem the sets conv(V (x)) (x 2 X) have a point in common, say y. We show that y 2 V (x) for every x 2 X. If not, then for some x 2 X, the segment y; x] contains a subsegment u; z) disjoint from X but with z 2 X. Let be the distance of u from X, and let v be on u; z] at distance =2 from z. Now the distance of u; v] from X is attained on a pair (w; x 0 ) with w 2 u; v] and x 0 2 X. It is easily checked that w 6 = u. Now V (x 0 ) is contained in the halfspace H whose boundary is orthogonal to w; x 0 ] and contains x 0 . But H must contain y, and so the angle ywx 0 < =2. Thus some point of u; v] is closer to x 0 than w, a contradiction proving Krasnosel'ski 's theorem.
In our proof of Theorem 1.10 above, the situation is similar but x 0 is only guaranteed to lie in X. But if we can nd a point x 0 2 X 0 close to x 0 , then the same contradiction is reached. So we are done unless x 0 2 X n X 0 is isolated in X, and this case is easy to discuss.
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